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Abstract
We find broad classes of exact 4-dimensional asymptotically flat black hole solutions in Einstein-
Maxwell theories with a non-minimally coupled dilaton and its non-trivial potential. We consider
a few interesting limits, in particular, a regular generalization of the dilatonic Reissner-Nordstro¨m
solution and, also, smooth deformations of supersymmetric black holes. Further examples are
provided for more general dilaton potentials. We discuss the thermodynamical properties and show
that the first law is satisfied. In the non-extremal case the entropy depends, as expected, on the
asymptotic value of the dilaton. In the extremal limit, the entropy is determined purely in terms
of charges and is independent of the asymptotic value of the dilaton. The attractor mechanism
can be used as a criterion for the existence of the regular solutions. Since there is a ‘competition’
between the effective potential and dilaton potential, we also obtain regular extremal black hole
solutions with just one U(1) gauge field turned on.
1 Introduction.
No-hair theorems [1] apply to stationary asymptotically flat black holes in theories of gravity coupled
to scalar fields with an interaction potential that is convex [2] or positive semidefinite [3]. It is perhaps
unsurprising that if one or more of these assumptions are relaxed, then the theorem does not hold.
As is well known, the scalar potential of compactified supergravity1 (see, [4] for a discussion in the
context of no-hair theorems) does not necessary satisfy the constraints mentioned above and one can
ask if the no-hair theorems could be evaded for some potentials of scalar fields. It is by now well
known that, in asymptotically anti de Sitter (AdS) spacetimes, there exist indeed (numerical, as well
as exact) scalar-hairy black holes for some scalar field potentials (see, e.g., [5, 6, 7]).
In AdS, the existence of hairy black holes is related to the fact that the asymptotic value of the
scalar field potential can be reabsorbed in an effective cosmological constant that differs from the
true cosmological constant of the theory. Interestingly, it has been suggested in [6] that the effective
cosmological constant could vanish if the parameters of the scalar field potential are properly adjusted
and numerical evidence for the existence of the hairy asymptotically flat black holes was presented.
1The effective potential typically has negative regions but supersymmetry ensures the total energy is always positive.
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Therefore, by fine tuning the cosmological constant or the scalar field potential so that the effective
cosmological vanishes, one can obtain scalar field hair for asymptotically flat black holes. The scalar
field potentials considered in [6] are not positive semidefinite and the weak energy condition is violated.
Behind the no-hair theorems there is a simple physical picture: the matter fields left in the exterior
after the gravitational collapse would eventually be ‘swallowed’ by the black hole itself or be radiated
away to infinity.2 Since the ‘hair’ is located outside the horizon, one could ask how is it possible that
matter can hover in a strong gravitational field without collapsing completely? Intuitively, the answer
could be that this is possible if the internal pressure is sufficiently large. However, this kind of intuition
works just near the horizon and it should be clear that the the non-linear (self-interacting) character
of the matter fields is, in fact, at the basis of the existence of hairy black holes. A nice heuristic picture
was presented in [8]: the self-interaction of matter fields (together with the gravitational interaction)
is responsible for the fact that the near-horizon hair does not collapse into the black hole while the
far-region hair does not escape to infinity. Therefore, the hair should extend some way out from the
event horizon so that the degrees of freedom near the horizon are bound together with the ones that
tend to be radiated away at infinity.
In this paper, we present exact non-extremal asymptotically flat charged hairy black holes with
a dilaton potential and investigate their thermodynamic properties.3 In particular, we are able to
recover some of the solutions of [11] when the dilaton potential vanishes. In [11], the authors found
the black hole solutions by rewriting the equations of motion as Toda equations. However, when
there is a non-trivial dilaton potential, this method of solving the equations of motion is not very
useful. Instead, we use the metric ansatz of [7] to obtain charged hairy black hole solutions, which are
asymptotically flat.
In the non-extremal case, the near horizon data depend on the value of the dilaton at the horizon.
In the extremal case, due to the attractor mechanism [12], the near horizon data are completely fixed
by the electric and magnetic charges and so the attractor mechanism acts as a no-hair theorem [1] for
the extremal black holes [13]. The attractor mechanism is a useful tool in investigating the existence
of the regular extremal black hole solutions.
The remainder of the paper is organized as follows: In Section 2, we construct the hairy black
hole solutions in flat space. First, we obtain a general solution and then we discuss some concrete
examples which are related to some known solutions when the dilaton potential vanishes. In Section 3
we explicitly compute the thermodynamic quantities and show that the first law is satisfied. In Section
4 we use the attractor equations to investigate the extremal limit. We show that at zero temperature,
contrary to the case for which the dilaton potential vanishes, there exist regular solutions with only one
gauge field (electric or magnetic) turned on. Finally, we end with a detailed discussion of our results
in Section 5 including the energy conditions. In the appendices we present more general solutions and
detail our progress in looking for analytic solutions.
2The limited information about the matter that collapsed is reflected only in the number of conserved charges that
are conserved surface integrals in the asymptotically flat region. ‘Hair’ does not refer to those fields, which are associated
with conserved charges.
3Exact charged hairy black holes in Anti-de Sitter spacetime will be presented elsewhere [9]. Exact hairy black hole
solutions in Anti-de Sitter when the gauge fields are turned off were presented in [7] and their holographic properties
were investigated in [10, 7].
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2 Non-extremal solutions.
In this section, we construct static asymptotically flat non-extremal black holes for a model with one
scalar field (dilaton) non-minimally coupled to a gauge field and a non-trivial dilaton potential. For an
exponential coupling, the equations of motion can be solved exactly with a special metric ansatz and
the dilaton potential can be explicitly obtained. Interestingly enough, in this way we obtain analytic
generalizations of some well known solutions, in particular the dilatonic Reissner-Nordstro¨m and other
solutions for which the extremal limits are supersymmetric. The action we are interested in is
I[gµν , Aµ, φ] =
1
2κ
∫
d4x
√−g
[
R− 1
4
eγφF 2 − 1
2
∂µφ∂
µφ− V (φ)
]
(1)
where the gauge coupling and potential are functions of the dilaton and we use the convention κ =
8piGN . Since we set c = 1 = ~, [κ] = M
−2
P where MP is the reduced Planck mass. The equations of
motion for the gauge field, dilaton, and metric are
∇µ
(
eγφFµν
)
= 0 (2)
1√−g∂µ
(√−ggµν∂νφ)− ∂V
∂φ
− 1
4
γeγφF 2 = 0 (3)
Rµν − 1
2
gµνR =
1
2
[
T φµν + T
EM
µν
]
(4)
where the stress tensors of the matter fields are
T φµν = ∂µφ∂νφ− gµν
[
1
2
(∂φ)2 + V (φ)
]
, TEMµν = e
γφ
(
FµαF
·α
ν −
1
4
gµνF
2
)
(5)
It is still very difficult to find exact solutions to the system of coupled differential equations above
when the dilaton potential does not vanish, even for simple potentials [14, 15, 16]. For simplifying our
analysis, we use the following spherically symmetric ansatz for the metric:
ds2 = Ω(x)
[
−f(x)dt2 + η
2dx2
f(x)
+ dθ2 + sin2 θdϕ2
]
(6)
where the parameter η was introduced to obtain a dimensionless radial coordinate x and Ω(x) is the
conformal factor. Written in this way, it is clear that η is going to be the only constant of integration
of gravitational origin in the solution (it does not appear in the action) and so it should be related
to the mass of the solution. This is the most general static asymptotically flat solution and so it is
characterized by only two unknown functions.
The equation of motion for the gauge field and Bianchi identity can be solved via the following
ansatz for the field strength:
F = Qe−γφdx ∧ dt+ P sin θdϕ ∧ dθ (7)
Using the observation that the only terms involving the dilaton potential in the Einstein equations
are of the form δµνV (φ), we can use combinations for which the dilaton potential cancels out. We then
explicitly obtain a differential equation that involves only the dilaton and conformal factor Ω(x):
Ett − Exx = 0 → φ′2 =
−2Ω′′Ω+ 3Ω′2
Ω2
(8)
where Ω′ is the derivative with respect to the coordinate x and Eνµ are the Einstein field equations.
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For some special conformal factors Ω(x), the equation above can be exactly solved and, in this
way, we are able to obtain the analytic solutions presented below. We would also like to point out
that one can get the ‘hairy’ Reissner-Nordstro¨m solution by taking the limit γ = 0.
The strategy for finding solutions is to use the same conformal factor as in [7]
Ω(x) =
ν2xν−1
η2 (xν − 1)2 (9)
then find the scalar field from (8). We would like to emphasize that the new parameter ν labels
different solutions, for example ν = 1 and γ = 0 corresponds to Reissner-Nordstro¨m black hole, and
for ν > 1 we obtain ‘hairy’ solutions.
From (8) it follows immediately that
φ(x) = l−1ν ln(x) + φ0 (10)
where lν =
(
ν2 − 1)− 12 plays the role of a characteristic length scale of the dilaton. There is a ±
ambiguity in the integration of (8), which corresponds to a discrete degeneration in the black hole
family. Indeed, from (9) it follows that the conformal factor has a pole of order two at x = 1 where
the conformal infinity is ‘located’. The fact that (9) is regular in the region x ∈ (0, 1) and x ∈ (1,∞)
allows to pick any of these intervals as the domain of coordinates, one corresponding to a negative
scalar and the other corresponding to a positive one.
The remaining metric function satisfies the following differential equation (we also have Eθθ = E
φ
φ):
Ett − Eθθ = 0 →
d
dx
(
Ω(x)f ′(x)
)
+ 2η2Ω(x)− e−γφQ2 − eγφη2P 2 = 0 (11)
which can be exactly integrated to yield
f(x) = f0 +
η2
ν
(
x2 +
2x2−ν
ν − 2
)
+ f1
(
xν+2
ν + 2
− x2 + x
2−ν
2− ν
)
(12)
+
Q2η2
(1− p)ν2
(
x3−p+ν
3− p+ ν +
x3−p−ν
3− p− ν − 2
x3−p
3− p
)
+
P 2η4
(1 + p)ν2
(
x3+p+ν
3 + p+ ν
+
x3+p−ν
3 + p− ν − 2
x3+p
3 + p
)
where f0 and f1 are constants of integration and p = γ/lν = γ
√
ν2 − 1.
From now on, we shall consider only asymptotically flat solutions. To enforce this condition, we
require
lim
x→1
Ω(x)f(x) = 1 (13)
and, consequently, we fix f0 to obtain
f(x) =
η2
ν
(
x2 +
2x2−ν
ν − 2 −
ν
ν − 2
)
+ f1
(
xν+2
ν + 2
− x2 + x
2−ν
2− ν +
ν2
ν2 − 4
)
+
Q2η2
(1− p)ν2
(
x3−p+ν
3− p+ ν +
x3−p−ν
3− p− ν − 2
x3−p
3− p −
2ν2
(3− p) (3− p+ ν) (3− p− ν)
)
+
P 2η4
(1 + p)ν2
(
x3+p+ν
3 + p+ ν
+
x3+p−ν
3 + p− ν − 2
x3+p
3 + p
− 2ν
2
(3 + p) (3 + p+ ν) (3 + p− ν)
)
(14)
Let us elaborate a bit more on the boundary condition (13). In canonical areal coordinates, the
transverse section of the black hole should be multiplied by r2 at infinity. It follows from (6) that
there is a change of coordinates such that
Ω = r2 + ... (15)
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where the dots stand for subleading terms (a more precise definition is given below). This change of
coordinates is compatible with the asymptotic form of Minkowski spacetime if the lapse function goes
as
Ωf = 1 + ... (16)
which uniquely fixes (13).
A detailed analysis of (14) shows that it has regular limits when ν = ±2, p = ±3, p = ν ± 3,
p = −ν ± 3 and it is singular at p = ±1. The singularities can be cured by picking
f1 =
η2Q2
(p− 1) ν2 −
η4P 2
(p+ 1) ν2
+ α+
η2(ν + 2)
ν2
(17)
it is easy to see that the function f(x) has smooth limits for all the values of the parameters.
This general solution is complicated, but we are going present the results for some concrete exam-
ples corresponding to specific values of γ only. In particular, we are going to consider the γ =
√
3 case
for which there indeed exists a smooth limit despite the divergence in the denominator of (14). In the
extremal case, at the horizon the metric function should satisfy f ′′(xh)=constant and f
′(xh) = 0.
Once we obtain the metric, it is straightforward to algebraically find the potential so that the field
equations are satisfied. In general, the potential is a function of six parameters: besides γ, ν, Q, and
P it is possible to introduce a cosmological constant and an extra parameter, α, which appears as an
overall multiplication constant in the potential, after a redefinition of f1.
A general class of solutions with the gauge fields turned on and with cosmological constant is going
to be presented in [9]. In what follows, we focus on asymptotically flat solutions when the gauge fields
are turned on and there is a non-trivial dilaton potential — for these solutions the dilaton potential
is vanishing at the boundary. With the ansatz (6), it is possible to construct a five parameter family
of dyonic black hole solutions.
Dyonic black holes for the Einstein-Maxwell-Dilaton theory that can be embedded in string theory
are known for γ = 1 and γ =
√
3. In what follows, we present the extension of the γ = 1 solution. For
γ =
√
3, we have also found a dyonic black hole. However, in this case, the potential has a part that is
proportional with the magnetic charge and the only way to consider the limit of vanishing potential is
when the magnetic charge is also vanishing. In this limit, the solution matches the electrically charged
Kaluza-Klein black hole. We are going to also present a generalization of ‘hairy’ Reissner-Nordstro¨m
black holes for which the scalar field and gauge field are not coupled, but the dilaton potential is
non-trivial.
More general solutions are listed in Appendices A and B but, for simplicity, in this section we are
going to focus only on some deformations of solutions that can be embedded in supergravity.
2.1 Solutions with a non-trivial dilaton potential
2.1.1 γ = 1
To obtain this solution we should also consider the limit ν →∞ — a more general family of solutions
with arbitrary γ is presented in Appendix A.
To obtain the limit ν →∞ in a smooth way, we change the coordinates as
x→ x 1ν , t→ t
ν
, (18)
and rescale the 2-sphere as
dθ2 + sin2 θdϕ2 → ν−2 (dθ2 + sin2 θdϕ2) , (19)
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in which case the ν2 of the conformal factor (9) cancels out.
After taking the limit, we obtain
Ω(x) =
x
η2 (x− 1)2 , φ(x) = ln(x) (20)
ds2 = Ω(x)
[
−f(x)dt2 + η
2dx2
x2f(x)
+ dθ2 + sin2 θdϕ2
]
(21)
We emphasize that the gxx metric component is now different than the one for finite ν (see (6)).
One can work with an arbitrary parameter γ in the dilatonic coupling. The field equations solvable
and the solution is presented in Appendix A. However, in this section, we describe only the γ = 1
case, which is very simple and can be smoothly connected with a solution of N = 4 supergravity. To
completely characterize the solution, apart from the conformal factor and dilaton (20), we have the
following remaining data:
A =
Q
x
dt+ P cos θdϕ (22)
V (φ) = α [2φ+ φ cosh(φ)− 3 sinh(φ)] (23)
f(x) =
η2(x− 1)2
x
+
[
x
4
− 1
4x
− 1
2
ln(x)
]
α+
η2(x− 1)3
2x
(
η2P 2 − x−1Q2) (24)
One can easily see that at the boundary, x = 1, the dilaton is vanishing and so does the dilaton
potential. The limit for vanishing dilaton potential is obtained when α = 0.
Let us now show explicitly that the metric is asymptotically flat by studying the boundary x = 1.
To do this we look for a change of coordinates such that at infinity the sphere is multiplied by r2
Ω(x) = r2 +O(r−4), (25)
which is given for, the x < 1 black holes, by
x = 1− 1
ηr
+
1
2η2r2
− 1
8η3r3
+
1
27η5r5
(26)
Now, it is possible to see that the metric is asymptotically flat
gtt = Ω(x)f(x) = 1−
α+ 6η2
(
η2P 2 −Q2)
12η3r
+O(r−2) (27)
g−1rr =
x2f(x)
η2Ω(x)
(
dr
dx
)2
= 1− α+ 6η
2
(
η2P 2 −Q2)
12η3r
+O(r−2). (28)
The same change of coordinates exists for x > 1. The scalar field potential is everywhere regular,
except at the spacetime singularities.
2.1.2 γ =
√
3
Let us consider now another interesting solution, which can be smoothly connected with the electrically
charged Kaluza-Klein black hole when the dilaton potential is vanishing. This case corresponds to
γ =
(
ν + 1
ν − 1
)1/2
(29)
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when ν = 2 — once again, we present a more general family of solutions with γ arbitrary in Appendix
B. The metric is
ds2 = Ω(x)
[
−f(x)dt2 + η
2dx2
f(x)
+ dθ2 + sin2 θdϕ2
]
(30)
where the metric function, f(x), and conformal factor, Ω(x), are
f(x) = α
[
2 ln(x) +
x4
2
+
3
2
− 2x2
]
+
η4P 2
384
(
x2 − 1)3 (3x2 + 1)− η2(x2 − 1)3Q2
16x2
+
η2(x2 − 1)2
4
(31)
Ω(x) =
4x
η2 (x2 − 1)2 (32)
The dilaton and gauge potential are
φ =
√
3 ln(x) , A = − Q
2x2
dt+ P cos θdϕ (33)
and the dilaton potential is
V (φ) = α
[
sinh(
√
3φ) + 9 sinh(
φ√
3
)− 12φ√
3
cosh(
φ√
3
)
]
−
e
−
φ√
3 η4P 2
(
e
2φ√
3 − 1
)5
27
(34)
Again we observe that at the boundary x = 1 the dilaton is vanishing, and the dilaton potential
likewise vanishes there. However, the limit for which the dilaton potential is vanishing corresponds
this time to α = 0 and P = 0 — in this limit we recover the electrically charged Kaluza-Klein black
hole. One important observation is that, unlike the extremal limit of an electrically charged Kaluza-
Klein black hole that is singular, our solution has a regular extremal limit due to the presence of the
dilaton potential. We are going to discuss this point in more detail in Section 4.
2.1.3 Hairy Reissner-Nordstro¨m black hole
We consider the theory for which gauge coupling does not depend of the dilaton, namely γ = 0. As
follows from the equations of motion, this is a consistent truncation of the non-minimally coupled
theory. Therefore, following the results of Section 2, the scalar field and the conformal factor are given
by (10) and (9), respectively. The integration of the field equation for f(x), is given by the expression
(14) when γ = p = 0 and yields
f(x) =
η2
ν
(
x2 +
2x2−ν
ν − 2 −
ν
ν − 2
)
+ f1
(
xν+2
ν + 2
− x2 + x
2−ν
2− ν +
ν2
ν2 − 4
)
+
(
Q2η2 + P 2η4
)
ν2
(
x3+ν
3 + ν
+
x3−ν
3− ν − 2
x3
3
− 2ν
2
3 (3 + ν) (3− ν)
)
(35)
which upon using the definitions q =
2η2(Q2+η2P 2)
3 , f1 =
α
ν2 +
η2(ν+2)
ν2 yields
f(x) =
x2−νη2
ν2
(xν − 1)2 + α
[
1
ν2 − 4 −
(
1 +
x−ν
ν − 2 −
xν
ν + 2
)
x2
ν2
]
+ q
[
1
(ν2 − 9) −
(
1 +
3
2
x−ν
ν − 3 −
3
2
xν
3 + ν
)
x3
ν2
]
(36)
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Unlike the previous case, the dilaton potential has a part that depends on both electric and
magnetic charges, through the combination q =
2η2(Q2+η2P 2)
3 , which appears also in the metric. The
dilaton potential is more complicated:
V (φ) =
2α
ν2
(
ν − 1
ν + 2
sinh((1 + ν)φlν) +
ν + 1
ν − 2 sinh((1− ν)φlν) + 4
ν2 − 1
ν2 − 4 sinh (φlν)
)
+
3qe2φlν
4ν4
(
ν − 1
ν + 3
e2νφlν +
ν + 1
ν − 3e
−2νφlν
)
+
q
(
ν2 − 1) e2φlν
ν4
(
ν − 3
ν + 3
eνφlν +
ν + 3
ν − 3e
−νφlν +
1
2
(
8ν2 − 27)
(ν2 − 9)
)
− q(ν
2 − 4)e−φlν
ν2 (ν2 − 9)
(
ν − 1
ν + 2
e−νφlν +
ν + 1
ν − 2e
νφlν − 4
(
ν2 − 1)
(ν2 − 4)
)
, (37)
and it has been arranged such that it is explicitly invariant under ν → −ν. The gauge field is given
by (7) with γ = 0.
Let us close this section with a couple of comments. We observe, as expected, that a consistent
limit for which the Reissner-Nordstro¨m solution is recovered is ν = 1 (which also means φ = 0) when
the dilaton potential is vanishing. The potential vanishes when α = 0 and both charges also vanish
(because we should have q=0 so that the part of the potential proportional to q is also vanishing).
In other words, there are no regular hairy Reissner-Nordstro¨m black holes with a vanishing dilaton
potential, as expected from no-hair theorems.
2.2 Solutions with a vanishing dilaton potential
The solutions we found are regular and generalise some of the solutions that were previously known
for the case of vanishing scalar potential. The solutions presented in [11, 17, 18, 19] were obtained
by rewriting the equations of motion as Toda equations [11]. This method is useful for obtaining
solutions in certain cases with exponential couplings. However, it is not powerful enough to construct
more general solutions with non-trivial moduli potentials.
We are interested in enough simple solutions (with regular supersymmetric limits), but a whole
new family of solutions can be generated from our general solutions presented in Appendices.
We are going to explicitly show how an old known solution can be recovered from the new solutions
with a non-trivial potential that we have constructed. This solution was presented in [20] (see, also,
[19] for a detailed discussion of its thermodynamical properties and the extremal limit in the context
of attractor mechanism) and has the following form:
ds2 = −a(r)2dt2 + a(r)−2dr2 + b(r)2dΩ2 (38)
exp(2φ) =
r +Σ
r − Σ , a
2 =
(r − r+)(r − r−)
r2 − Σ2 , b
2 = r2 − Σ2 (39)
with
r± =M ±
√
M2 +Σ2 −Q2 − P 2 (40)
We emphasize that the scalar charge Σ is not an independent parameter:
Σ =
P 2 −Q2
2M
(41)
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The scalar charge plays a role in the first law when the asymptotic value of the dilaton does vary
[21]. The extremal limit of the above solution is obtained by letting r+ = r− and the corresponding
solution can be embedded in N = 4 supergravity.
We can reobtain this solution from our solution γ = 1 when the dilaton potential is vanishing
(α = 0). To find the right change of coordinates, first we match the scalars and we get:
x =
r +Σ
r − Σ =⇒ φ = ln(
r +Σ
r −Σ), (42)
Then, to obtain the same expressions for the gauge field, we redefine Q = − q2Σ in (22) and so we
get the following gauge potential:
A = − q
2Σ
r − Σ
r +Σ
dt+ P cos θdϕ (43)
The last step is to fix η by matching the b2 of (38) with the conformal factor Ω:
Ω(x(r)) = r2 − Σ2, η = 1
2Σ
(44)
Once we have the right change of coordinates
dx = − 2Σdr
(r − Σ)2 ,
η2dx2
x2
=
dr2
(r2 − Σ2)2 (45)
it is straightforward to obtain
a(r) =
4Σr2 + (P 2 − q2)r +Σq2 +ΣP 2 − 4Σ3
4Σ(r2 − Σ2) (46)
which matches (39) when the charges are rescaled with a factor of 1/2 as it should be for a 2-form
field strength.
One can similarly show that the γ =
√
3 is smoothly connected with the electrically charged
Kaluza-Klein black hole (that can be obtained by Kaluza-Klein reduction of the 5d Schwarzschild
black hole) of [17, 18].
3 Hair and thermodynamical properties.
To study the first law of thermodynamics for our black holes, we first compute the entropy and the
temperature. In the coordinates we use to write our metric ansatz (6), the boundary is at x = 1 and
the horizon is at x = xh. The temperature (an intensive quantity) is conformally invariant and so
depends only on f(x) and not on the conformal factor:
T =
f ′(x)
4piη
∣∣∣∣
x=xh
(47)
The entropy and mass can be also easily computed and we get
S =
piΩ(xh)
GN
, M =
[Ω(x)f(x)]′
2ηGN
∣∣∣∣
x=1
(48)
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To gain some intuition, let us first discuss the Schwarzschild solution (ν = −1 in Appendix B) in the
coordinates we use
Ω =
1
η2(x− 1)2 , f(x) = (x− 1)
2
[
η2 + (x− 1)
(
η2 +
α
12
)]
(49)
for which xh =
α
α+12η2
. The change of coordinates to put the metric in the canonical Schwarzschild
form is
x = 1− 1
ηr
(50)
Using the general formulas for the temperature, entropy, and mass presented above, we obtain
M =
1
2ηGN
(
1 +
α
12η2
)
, S =
pi
GN
1
η2(xh − 1)2 =
pi
GN
1
η2
(
1 +
α
12η2
)2
(51)
T =
(xh − 1)
[
8η2 + (xh − 1)(α + 12η2)
]
16piη
=
η
4pi
(
1 +
α
12η2
)−1
(52)
from which we recover the well known results
M =
m
GN
→ S = 4pim
2
GN
, T =
1
8pim
(53)
in the limit α→ 0.
The only subtlety related to the first law in the coordinates we use comes from the fact that the
horizon radius is dimensionless. However, the computations above can be straightforwardly generalized
to our solutions. For concreteness, let us now discuss the γ =
√
3 solution. Similar but more involved
computations can be done for the other solutions we have presented in the previous section.
With our conventions, the electric charge can be written as
q = − Q
4ηGN
(54)
and the conjugate potential is Φq =
Q
2
(
1− 1
x2
h
)
(which is, up to an additive constant, just the usual
gauge potential Φq = Q/x
2
h) in a gauge such that it vanishes at the boundary x = 1 and it is finite at
the horizon.
The expressions for the mass, temperature, and entropy for the γ =
√
3 solution are
M =
32α + 12η2 − 6η2Q2 + η4P 2
24η3GN
(55)
T =
(x2h − 1)2
4piη
[
2α
xh
+
η4x3hP
2
16
− η
2(2x2h + 1)Q
2
8x3h
+
η2xh
x2h − 1
]
(56)
S =
4pixh
η2(x2h − 1)2GN
(57)
For simplicity, one can consider the case P = 0. Since the radius of the horizon, xh, cannot be
explicitly obtained from f(xh) = 0, one can verify the first law by using the chain rule to get the
variations with respect to the independent parameters Q and η:
dM(q, η) = TdS(q, η) + Φqdq (58)
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4 Extremal limit and attractor mechanism.
The role of attractor mechanisms [12] for computing the entropy of extremal (supersymmetric or non-
supersymmetric) black holes is by now well understood [22, 23, 19]. Here we would like to present an
interesting result on the existence of extremal black holes: we find that there are regular black hole
solutions in a theory with only one gauge field (electric or magnetic) non-minimally coupled with the
dilaton for non-trivial dilaton potentials. The attractor mechanism can be used then as a criterion for
the existence of regular extremal black hole solutions. Similar considerations were made for baryonic
and electromagnetic branes and other solutions in AdS spacetime in [24]. More importantly, since the
extremal (attractor) horizons are infinitely far away in the bulk4 they do not get distorted by changing
the boundary values of the scalars and so, from this point of view, the attractor mechanism acts as a
no-hair theorem [1] for extremal black holes [13].
To understand why is so, let us review some basic facts related to the effective potential [26].
Since the dilaton is non-minimally coupled with the gauge field, a new term appears in its equation of
motion. This term, which is controlled by the gauge field, can be interpreted as an effective potential
for the dilaton. For example, for the spherically symmetric ansatz (38), an electromagnetic field with
both electric and magnetic charges5 turned on and the exponential coupling eφ, the effective potential
is
Veff (φ) =
1
b2
[
e−φQ2 + eφP 2
]
+ 2b2V (φ) (59)
Let us first discuss the case when the dilaton potential is vanishing (V (φ) = 0). We observe that
when just one charge is non-zero, the effective potential does not have a minimum at the horizon,
which means that that there are no regular solutions in this case. When a second charge is turned
on, the effective potential has a minimum and regular solutions exist. When the dilaton potential is
non-zero, since there is a competition between the part generated by the gauge fields and pure dilaton
part, the situation can drastically change. That is, there exist regular solutions even when just one
charge is non-zero.
In principle, even if technically difficult, one could try to find some general conditions on the
moduli potential so that the theory contains regular extremal solutions. However, such an analysis is
beyond the goal of this paper and we prefer to prove the existence of this kind of solutions using the
entropy function formalism of Sen [27] (see, also, [28] for stationary black holes). The important point
is that the effective potential method and the entropy function formalism are equivalent in the near
horizon limit.6 Since the near horizon geometry of extremal black holes has an enhanced symmetry of
AdS2 × S2 (in the extremal case, the near horizon geometry is a solution of the equations of motion),
the computations simplify drastically in the near horizon limit.
In what follows, we discuss the simplest potential (23), but the same kind of argument applies to
more general potentials. The ansatz for the near horizon geometry of 4−dimensional static extremal
black holes is
ds2 = v1(−r2dt2 + dr
2
r2
) + v2
[
dy2
1− y2 + (1− y
2)dφ2
]
(60)
By solving the attractor equations one can obtain the near horizon data, {v1, v2}, and also the horizon
value of the dilaton (u) as functions of the physical charge q and the parameter α in the potential.
4It was shown in [25] that the near horizon geometry of extremal stationary black holes contains an AdS2 spacetime.
5For two electric fields, to get regular solutions when the dilaton potential is turned off, the gauge couplings should
be different so that the effective potential has a minimum at the horizon.
6Since we have exact solutions, we could find the near horizon metric directly for each solution. However such a
computation is difficult and not very illuminating.
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After some straightforward computations we find
α = 8
eu
q2
2 + u sinhu− 2 cosh u
[2(1 + u) + u(sinhu+ coshu)− 2 cosh u− 3 sinhu]2 (61)
We cannot solve this equation explicitly to obtain the horizon value of the dilaton. However for our
purposes it is sufficient to observe that since the parameter α is arbitrary, we have the freedom to fix
it so that the corresponding horizon value of the dilaton and the radii of AdS2 and sphere are well
defined at the horizon and so the solution is regular.
5 Discussion
In this paper we obtained asymptotically flat static solutions to the Einstein-Maxwell-dilaton system
in the presence of a non-vanishing dilaton potential. Solving the field equations subject to a special
ansatz for the metric and dilaton fields, we found regular solutions. Some of these contain examples
that were considered previously in the literature and we have verified that our solutions (smoothly)
reduce to these in the appropriate corners of parameter space. At this point, it is not clear to us how
(or if it is possible) to embed our solutions into supergravity; this is an interesting open question that
we leave for the future.
The no-hair theorem implies that short-range interactions decaying fast enough at infinity (hair)
are not allowed in the exterior of a stationary black hole. Since the hair does not contribute to
Gauss-like conserved charges, the classical degrees of freedom of the black hole are restricted to those
related to its conserved charges. Over the past decade the accuracy of this theorem was strongly
challenged. Indeed, hairy black hole solutions were discovered [5, 6, 7] that appear to evade the no-
hair theorems. Interestingly enough, we were able to obtain exact hairy asymptotically flat black hole
solutions similar to the one predicted in [6]. To get a better understanding, let us now compare one
of our dilaton potentials, the simplest one presented in (23), with a generic potential described in [6].
The main assumption in [6] is that the family of dilaton potentials used to construct the solution are
not positive-semidefinite and the weak energy condition is not satisfied. Also, to obtain asymptotically
flat solutions, the dilaton settles asymptotically at the local minimum, which should also correspond
to a root of the potential. Therefore, the conditions imposed on the potentials of [6] for the existence
of the asymptotically flat hairy black hole solutions are such that a root and a local minimum of the
potential are located at the same place: V (φ∞) = ∂φV (φ)|φ∞ = 0 and ∂2φφV (φ)|φ∞ > 0. Now, let
us consider the dilaton potential (23) and study its asymptotic behaviour for φ∞ = 0. We obtain:
V (0) = ∂φV (φ)|φ=0 = ∂2φφV (φ)|φ=0 = 0 and so the potential becomes very flat along this direction (in
fact, the third and fourth derivatives vanish also at φ = 0). However, although the second derivative
of the potential vanishes, the fifth does not and so the dilaton only feels the fifth derivative of the
potential. We would like to point out that this potential resembles the potential of the Minimally
Supersymmetric Standard Model (MSSM) flat direction inflation models (see, e.g., [29]).7
When a classical scalar field acts as a source of gravity, the energy conditions can be violated
depending on the form of the scalar potential and the value of the curvature coupling [30]. Let
us consider again the simplest case (23). The sign of the potential is controlled by the sign of the
parameter α — this can be easily seen by considering the derivatives in the Taylor expansion (close to
the boundary) of the part of the potential that multiplies α and observing that all these derivatives
are positive or zero. Therefore, a positive potential corresponds to a positive α. However, we can
explicitly check that, in this case and for Q = P = 0, there are no black hole solutions, there exist
7The fields that compose flat directions may thus in principle be excited to large classical field strengths at no cost
to the potential energy. Within MSSM, for example, all the flat directions are lifted by non-renormalizable operators.
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just naked singularities. When α is negative and Q = P = 0 there exist regular black hole solutions
but the weak energy condition is violated in agreement with the results of [30]. On the other hand,
when (Q,P ) are non-zero, there exist regular black hole solutions even for a positive α and the weak
energy condition is satisfied in this case.
The null energy condition is always satisfied. The energy momentum of the scalar field, in a
comoving tetrad, has the form T ab = diag(ρ, p1, p2, p2) and satisfies the null energy condition. For our
static solutions with the condition f(x) > 0, we obtain
ρ+ p2 = 0, ρ+ p1 =
(
ν2 − 1) (xν − 1)2 f(x)
2ν2xν+1
> 0. (62)
For the non-extremal black holes, the near horizon geometry and the entropy vary continuously
as the asymptotic values of moduli fields are changing. For example, we saw that for our solutions,
the horizon radius depends of the horizon value of the dilaton which is controlled by the asymptotic
data. On the other hand, for the extremal black holes, the moduli fields in a black hole background
vary radially and get attracted to certain specific values at the horizon, which in fact depend only on
the quantized charges of the black hole under consideration. It is then tempting to interpret that the
attractor mechanism plays the role of a no-hair theorem for the extremal black holes [13]. As we have
already described in detail in Section 4, due to the competition between the effective potential and
dilaton potential, there exist also extremal black hole solutions with only one gauge field turned on.
We would like to comment now on the meaning of changing the dilaton’s asymptotic value when the
dilaton potential does not vanish. The equation (11) will have the same expression if we use the ‘scaled’
charges Q¯ = e−γφ∞ and P¯ = eγφ∞ and so the solutions have the same form if we replace the conserved
charges with the ‘scaled’ charges. First, let us review what is happening when the dilaton potential
vanishes [21]. Due to the non-minimal coupling of the dilaton, the first law should be supplemented
by a new term containing the variation of the asymptotic value of the dilaton: Σ dφ∞. Here, Σ is
the scalar charge that is defined as the monopole in the multipole expansion of the dilaton at infinity
and φ∞ is the asymptotic value of the dilaton. However, the correct interpretation for the existence
of such a term was presented in [19]. That is, the new term does not have a similar interpretation
like the other terms in the first law because it corresponds to a change in the couplings (so, by the
variation of φ∞ a different theory is obtained rather than another thermodynamic configuration). If
one tries to use the scaling symmetry to get rid of this term, a different problem is encountered:
the scaling symmetry does not preserve the conserved charges. The new solution cannot be reached
dynamically starting from the old one because this will also force a violation of charge conservation.
When the dilaton potential is not vanishing there is an even more drastic change. That is, by varying
the asymptotic value of the dilaton, its potential is changing and, consequently, that effect corresponds
to a change in the asymptotics of the solution.
Even if supersymmetry is experimentally discovered, one still has to understand how is it broken
in the nature. It is possible to construct models for which the supersymmetry is broken spontaneously
or by hand (as in our case). We have obtained solutions that are smoothly connected to some sugra
solutions for which the microscopic entropy and the holographic (CFT) degrees of freedom are well
understood. A related speculative observation is that it may be possible that our solutions could be
described holographically by a dual QFT, which in some limit becomes a CFT and this is very similar
to an RG flow towards a fixed point.
One important question is if these black holes are stable. Such an analysis is beyond the scope of
this work. However, we would like to point out that in the extremal case the black holes are long lived
states (metastable) that correspond to the minimum mass of the theory they belong to — the non-
perturbative effects should play, in fact, an important role for understanding the stability of extremal
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black holes. This argument together with the attractor mechanism are at the basis of computing the
microscopic entropy of extremal non-supersymmetric black holes in string theory [22, 19].
For future directions, one can study the phase structure of these black holes. This can be done, for
example, by computing the quasilocal stress-tesor, action, and relevant thermodynamical quantities
as in [31] Among other possible applications, one could find and describe the so-called ‘hairosphere’
[8]. We have explicitly shown that the non-linear character of the matter fields plays a key role in
the construction of hairy black hole configurations. One interesting question is how close to a black
hole event horizon can matter hover such that the non-linear behavior of the hair is present (in other
words, how ‘short’ can hair be) [8]?8 Since we have exact solutions, another possible application is to
check the ‘no-short-hair’ conjecture of [8].
We would like to emphasize that with our method we can also generate solutions with scalars (and
gauge fields) when the cosmological constant is positive — these solutions can be described along the
lines of [32] (e.g., computing the corresponding c-functions). These solutions could provide interesting
starting points for building novel cosmological scenarios.
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A A general family of dilatonic dyonic black holes
Let us consider the following action
I[gµν , Aµ, φ] =
1
2κ
∫
d4x
√−g
[
R− 1
4
eλφF 2 − 1
2
∂µφ∂
µφ− V (φ)
]
(63)
The general class of solutions we present here is for λ arbitrary and ν → ∞ and contains the
solution presented in Section 2.1.1, which corresponds to λ = 1. To obtain regular solutions in the
limit ν →∞ we should again rescale the coordinates as in Section 2.1.1 to obtain the following metric
ansatz:
ds2 = Ω(x)
[
−f(x)dt2 + η
2dx2
x2f(x)
+ dθ2 + sin2 θdϕ2
]
(64)
where again the conformal factor is
Ω(x) =
x
η2(x− 1)2 (65)
With this form of the conformal factor, it is easy to obtain the dilaton and the U(1) field strength:
φ = ln(x) , A =
Q
xλ
dt+ Pydϕ (66)
However, the dilaton potential and the metric are more complicated in this case. Let us first define
the following expressions:
α1 = η
2(P 2η2 − λ2Q2), α2 = η2(P 2η2 + λ2Q2), (67)
8In the asymptotic region, the behavior of the fields is dominated by linear terms in their respective equations of
motion.
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W (h(φ)) = −
(
3λ4 − 9λ2 + 8) h(λφ)
(λ2 − 1)λ2 −
(λ+ 1) h((λ− 2)φ)
2 (λ− 1) −
(λ− 1)h((λ+ 2)φ)
2 (λ+ 1)
+
2
(
λ2 + λ− 1) (λ− 1) h((λ+ 1)φ)
(λ+ 1)λ2
+
2
(
λ2 − λ− 1) (λ+ 1) h((λ− 1)φ)
(λ− 1)λ2 (68)
where, for simplifying the notation, by h(φ) we indicate an arbitrary function of the dilaton. With
these notations we can now write down the dilaton potential and the remaining unknown in the metric
as
V (φ) = α1W (cosh(φ)) + α2W (sinh(φ)) + 4α0(2φ+ φ cosh(φ)− 3 sinh(φ))
+
(
4α2
λ2 (λ2 − 1)
)
(cosh(φ) + 2) (69)
fλ(x) =
η2(x− 1)2k
x
+ (x− 1
x
− 2ln(x)
x
)α0 +
η2(λ (x− 1) (x(λ+ 1) + 1− λ) + 2x (1− xλ))Q2
(λ2 − 1)xλ+1
+
η4
(−2xλ+1 (λ2 − 1) + λxλ (λ+ 1) − 2x+ λxλ+2 (λ− 1))P 2
(λ2 − 1)xλ2 (70)
B A general family of electrically charged dilatonic black holes
Let us consider again the action (63) and the dilaton expression as
φ =
√
ν2 − 1 ln(x) , lν = 1√
ν2 − 1 (71)
A general class of solutions can be found when
λ =
(
ν + 1
ν − 1
)1/2
(72)
for which the metric and the gauge fields are
ds2 = Ω(x)
(
−f(x)dt2 + η
2dx2
f(x)
+ dΣk
)
, A = −Qx
−ν
ν
dt (73)
where the conformal factor and the other function in the metric are
Ω(x) =
ν2xν−1
η2 (xν − 1)2 (74)
Using p = λ
√
ν2 − 1 = ν + 1 and P = 0 in (14) we get
f(x) =
η2
ν
(
x2 +
2x2−ν
ν − 2 −
ν
ν − 2
)
+ f1
(
xν+2
ν + 2
− x2 + x
2−ν
2− ν +
ν2
ν2 − 4
)
− Q
2η2
ν3
(
x2
2
+
x2−2ν
2− 2ν − 2
x2−ν
2− ν −
ν2
(2− ν) (2− 2ν)
)
(75)
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Now, we set f1 =
α˜
ν2
− Q2η2(ν+2)
2ν3(ν−1)
+ η
2(ν+2)
ν2
to get
f(x) =
η2x2(xν − 1)2
xνν2
+
α˜
ν2
(
xν+2
ν + 2
− x2 + x
2−ν
2− ν +
ν2
ν2 − 4
)
− Q
2η2x2−2ν
2ν3 (ν − 1) (x
ν − 1)3 (76)
The dilaton potential is
V (φ) =
2α˜
ν2
(
ν − 1
ν + 2
sinh((1 + ν)φlν) +
ν + 1
ν − 2 sinh((1− ν)φlν) + 4
ν2 − 1
ν2 − 4 sinh (φlν)
)
. (77)
In the limit ν = 2 we obtain the solution presented in Section 2.1.2, which is a smooth deformation
of the electrically charged Kaluza-Klein black hole.
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